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■ Abstract: We point out the question of ordering momentum operator in the canonical 

^r^ ■ quantization of the SU(2) Skyrme Model. Thus, we suggest a new definition for the momen- 

tum operator that may solve the infrared problem that appears when we try to minimize the 
Quantum Hamiltonian. 
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1. Introduction 

In the Skyrme Model baryons are treated as a soliton solution in a non-Linear Sigma Model 
with an additional stabilizer Skyrme term ^. The physical spectrum is obtained performing 
the collective coordinate quantization. Using the Nucleon and Delta masses as input parame- 
ters, we get the principal phenomenological results^ . Although most of the static properties 
predicted by the Skyrme Model are in a good agreement with the experimental results, cer- 
tain values like, for example, the pion decay constant, F^^ , and the axial coupling constant, 
qa , present large deviation from their experimental values. However, we can overcome these 
problems attempting to study with more detail the process of canonical quantization in the 
rotational mode. In previous works^'^, some authors have pointed out that the question of 
the quantization of Skyrmions is a very delicate one. They mentioned that the Skyrmion 
quantization is a simple example of quantum mechanics on a curved space. 

This paper deals with the problem of ordering that appears in the definition of the 
canonical momentum when we try to use the constraint that is present in the system. Due 
to its simplicity it is not necessary to employ the Dirac formalism of constraints^'^. We will 
observe that when we adopt the correct definition for the momentum operator there is an 
additional term in the Quantum Hamiltonian, a result that has been also obtained by the 
authors of ref.3,4 using another calculate procedure. 

2. Quantization by Collective Coordinate Expansion 

Let us consider the classical static Lagrangian of the Skyrme Model 



fd^r -^ Tr{d,Ud,U+) +^Tr[U+^,U,U+^JU]■ 



{^) 



where F^^ is the pion decay constant, e is a dimensionless parameter and U is an SU(2) 

matrix. 

Performing the collective semi-classical expansion^, substituting in (1) U{r)by U{r,t) = 

A{t)U (r) A~^ (t) , where A is a SU(2) matrix, we obtain: 



L^-M + XTr [doAdoA-^] 



(2) 



In the last equation, M is the sohton mass which in the hedgehog representation for U, U 
exp (zr.fF(r)) , is given by 
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where x is a dimensionless variable defined by x = cFt^t , and A is called the inertia moment 
written as 



with 



A = -Ti{l/e^F^)K 



(4) 
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The SU(2) matrix A can be written as A = ao + ia.r , with the constraint 



i=3 
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The Lagrangian (1) can be written as a function of the a' s as: 



(6) 



L = -M + 2A^(d,) 



i=0 



(7) 



Introducing the conjugate momenta tt^ = dL/dhi = 4Adi , we can now rewrite the Hamilto- 
nian as 



H = TXiCii - L = AXaiCii -L^ M + 2Xaiai = M + — V yrf . (8) 

oA ^-^^ 
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Then, the standard canonical quantization is made where we replace tt^ by —id/dai in (8) 
leading to 

Due to the constraint (6), the operator X]i=o(~a^) ^^ known as the Laplacian V^ on the 

i 

three-sphere, with the eigenstates being traceless symmetric polynomials in the a^. In order 
to incorporate relation (6) it is more convenient to work with hypersphere coordinates defined 
by 



(10) 



ao = cos W 

tti — sin W cos 9 

a2 — sin W sin 9 cos (p 

as = sin W sin 9 sin (p ■ 

Then, the Laplacian written as a function of the hypersphere coordinates is given by 



d"^ cosW d 1 9^ cos^ 9 1 9^ 



aW^2 sin M^ aw sin2vra6'2 sin^ Ti^ sin 6* 96' sin^ VT sin^ 6* a(/)2 ' 

Note that when W = n/2 , expression (11) reduces to the classical Laplacian in spherical 
coordinates. Thus, applying expression (11) to the wave function (ao +mi)^, we obtain 

-V^(ao + mi)^ = /(/ + 2)(ao + mi)^ . (12) 

If we wish to work with the coordinates a^ we must be able to obtain an expression for the 
canonical momentum tt^ . We must remember that if the commutation relation 



[ttitti, TXj] = tti [tti, Tlj] + [tti, TXj] at (13) 

is valid, then the foUowing relation must hold^ 

[ai,Trj] = 5ij - ttittj . (14) 

It is not difficult to see that a possible expression for ttj, satisfying eq. (14), is given by^ 

TTj = - [Sij - ajtti] di . (15) 

Consequently, tt^ttj can be written as 

TTjTTj = —djdj + 'iajdj + ttittjdidj . (16) 

Expression (16) is the three-sphere version of the Laplacian V^ written as a function of the 
coordinates a^. It should be noted that the eigenvalues of the above equation are the same 
of those obtained using eq (12). At this point we must mention the problem of ordering 
that appears in the formula (15). As the physical Hamiltonian must be Hermitian, the usual 
choice for the operator momentum ttj, following the prescription of Weyl ordering^ is given 
by 



1 

^j = ^ li^ij - ajai)di + di{dij - aittj)] . (17) 

If we substitute ivj in eq.(16), we obtain the following expression 



5 
TTj-Kj = —djdj + 'iajdj + aittjdidj + - . (18) 

Comparing expression (18) with (16) we see that an extra term appears in the last equa- 
tion. So, when we pay attention to the question of ordering in the expression of the canon- 
ical momentum ttj in the coordinates a^ , an additional term appears in the three-sphere 

5 



Laplacian .Unfortunately, if we want to improve the physical parameters predicted by the 
Skyrme Model, the signal of this extra term must be negative, as it was also shown by A. 
Toda^ 

As it was first point out by Bander and Hayot^, if we observe the asymptotic solution of 
the Euler-Lagrange equation that minimizes the Quantum Hamiltonian (9) 



<^^ l^^^l^F-t'F^O, (19) 
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then, we verify that F asymptotically behaves as sirMl or sssJsl an^i ^j^e integral in the 
denominator of eq(20) does not converge. The infrared problem is solved when we require 
that the sign of the extra term is sufficiently negative in order to modify eq(19), which is now 
written as 

rf^F 2rfF 2 ^ ,. 

-TT--:r + -^ + ^^ = ° ■ (21) 

Studying the asymptotic behaviour of F we observe that it behaves as ^^^~ ^ ^ and the 
integral in the denominator of eq(21) converges. 

In order to be able to deal with the problems that have been presented by us in the 
previous lines we suggest a new definition for the canonical operator momentum, which also 
satisfies the commutation relation (14), 
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[{dij - ajai)di + a di{dij - aiUj)] , (22) 



where ct is a free parameter. Consequently, ttjtvj is given by 

^j^j = -9jdj + 3ajdj + ajttidjd^ - ^ ^ , (23) 

and the eigenvalues of the extended Quantum Hamiltonian are given by 

5a{2a — 3) 
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In the above equation we observe that when a > | , the extra term is negative. For the 
nucleon state, 1=1, we verify that for a > ^''""^]^4 or a < '^^-^^'^^ there is no infrared 
problem in the quantum Hamiltonian, as we have remarked in (19). Now it is possible to 
search to a solution F(x) that minimizes the total Quantum Hamiltonian written in (24). 

3. Conclusion 

We have shown that with the definition of the canonical momentum, tt^ , which rules the Weyl 
prescription of ordering^ , there is an additional term in the usual Skyrmion quantization. 
It is possible to redefine the expression of the canonical momentum, which also satisfies the 
commutation relation of a particle in the three-sphere, with the purpose of removing the 
infrared problem. We hope that, with the use of the quantum variational solution, F{r) , 
one can be able to obtain an improvement of the physical parameters. The behaviour of 
these solutions^ and the extension of this analysis to the SU(N) Collective Quantization , in 
particular in the case of the SU(3) Skyrmions^^ will be objects of forthcoming papers^ ^'^^. 

We would like to thank M.G. do Amaral, P. Gaete and S.M.de Souza for useful discus- 
sions. 
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